In this paper, we determine all nite separable imaginary extensions K=F q (x) whose maximal order is a principal ideal domain in case K=F q (x) is a non zero genus cyclic extension of prime power degree. There exist exactly 42 such extensions, among which 7 are non isomorphic over F q .
Introduction
The ideal class number one problem has its origin in the Disquisitiones Arithmeticae of F. Gauss (1807). For quadratic imaginary number elds, the problem was solved in 1966 by H. Stark and for general abelian imaginary number elds, it was solved in 1994 by K. Yamamura 12] : there are 172 imaginary abelian number elds with class number one.
The ideal class number one problem has an analogue for function eld extensions K=k, where k = F q (x) with some element x transcendental over F q . In the quadratic case, R.E. MacRae 7] proved that, up to isomorphism, there are exactly 4 imaginary quadratic extensions K=k with ideal class number one. Later, X. Zhang 13] (for odd characteristic) and Y. Aubry and D. Le Brigand 2] (for even characteristic) have proved that there are exactly 4 non zero genus imaginary bicyclic biquadratic function eld extensions K=k.
In this paper, we solve the problem assuming that the extension K=k is nite separable, cyclic and of prime power degree. In particular, we prove the following result.
Theorem 0.1. Let l be a prime, and let n 2 N . There are 42 cyclic imaginary l n -extensions K=k such that the full constant eld of K is F q , g K 6 = 0, and with ideal class number equal to one. They are de ned by F q (x; y) with q, g K 2. MacRae's solutions are the quadratic ones with h K = 1. The proof is based on a minoration of the relative divisor class number (Sections 1 and 2) and \genus theory" for function elds (Section 3). The determination of the solutions is done in Section 4 and Appendix.
Preliminaries
Let K=F q be an algebraic function eld of one variable with nite constant eld F q , where q is a prime power, and let S be a nite set of places of K. The ideal class number h S associated with (K; S) is de ned as the class number of the Dedekind ring
where O P = fz 2 K; v P (z) 0g is the local ring associated with the valuation v P at P. The divisor class number h K of K is the order of the group of zero degree divisors, modulo the principal ones. 
where N r (K) stands for the number of rational places of K:F q r =F q r .
One has h K = L K (1) and
where g K is the genus of K. The Riemann Hypothesis for function elds tells us that the ! i 's are complex numbers satisfying j! i j = p q so that
(1 ? 2Re(! i )T + qT 2 ):
The numbers N r = N r (K) are then given by In the rest of the paper, we will keep the following notations.
Let k = F q (x) be a rational function eld, and let K=k be an Abelian imaginary extension. Let S be the set of places of K above 1 = ( 1 x ). Assume furthermore that S = 1, i.e. each place of S has degree 1 (if we assume h S = 1, then we are in that case).
Let G 1 be the inertia group of 1 and let K + be its xed eld. Thus K + is the maximal real sub eld of K, i.e. the maximal sub eld of K in which 1 splits totally. Setting S + = fP \ K + ; P 2 Sg, we obtain the following picture:
: : : In this section, we will minorate the relative divisor class number h ? K in terms of the genera and degrees of the extension K=k and K + =k, in order to obtain constraints for the terms involved in (2.b). For that we need upper bounds for h + K and lower bounds for h K . We have from (1.c) and the Riemann Hypothesis
The following lemma will improve this bound, when it is applied to K + and some of its sub eld.
Lemma 2.2. Let E=F be a nite separable extension of function elds de ned over F q . If N 1 (E) N 1 (F) and g E > g F then
Proof. Up to reordering the ! i 's, one has
Now the result follows from the arithmetic mean geometric mean inequality
and, using (1.d),
Next we minorate h K . First,
However, if q 4, this bound gives nothing more than h K 1. There are better lower bounds for h K that are obtained from properties of the curve (or the Jacobian) and not only from the Jacobian seen as any Abelian variety. For any place P of K + such that rk l G P > 0, we have rk l G ? > 0. As a consequence, if lj(q ? 1) (resp. l -(q ? 1) ) and rk l G P 1 for at least two places (resp. one place), we obtain a contradiction. 4 Proof of Theorem 0.1
In this section, we assume that the abelian imaginary extension K=k is cyclic of degree l n , l prime, n 2 N . In Sub-section 4.1, we study the case of a totally imaginary extension and in Sub-section 4.2, the case of a non totally imaginary extension.
Case K + = k
Let K=k be a cyclic extension of degree l n , l prime, n 2 N such that K=k is totally imaginary, so that K + = k. Then S = fP 1 g. divisor class number equal to one and non zero genus. Apart MacRae's solutions, all function elds with divisor class number one have no rational place, and therefore, they have an ideal class number greater than one. What we have to do is thus to nd the prime power cyclic extensions K=k that are F q -isomorphic to MacRae's solutions and with ideal class number one. Using the Riemann-H urwitz-Zeuthen Formula combined with the Hilbert di erent formula, we nd bounds on the degree and rami cation associated with the extension K=k. In particular, we have (see the appendix at the end of the paper for a detailed proof) that the only possibilities for the extension K=k are those listed in Theorem 0.1 with h K = 1.
Case K + ' k
In the following lemma and its corollary, K=k is assumed to be a cyclic l n -extension which is not totally imaginary, so that k & K + & K. Lemma 4.1. If h S = 1 then there is a totally rami ed nite place in K=k and it is the unique rami ed nite place of K=k. Proof. If not, any rami ed nite place p of k has a rami cation index e p such that e p < l n . Let G 0 be the sub-group of Gal(K=k) of order l n?1 . Then the inertia group G p of any rami ed nite place p of k is contained in G 0 , and thus K G 0 =k is unrami ed. Now since K + 6 = k, K + : k] l and K G 0 is contained in K + , that is K + =k is unrami ed. This contradicts Lemma 3.1 and thus there is a totally rami ed place. The uniqueness comes from Lemma 3.2 and the fact that K=k is cyclic: any place that rami es in K + =k is totally rami ed in K=K + . According to Remark 4.3, there is no possible value of q, l, n and n + when n ? n + 4.
Determination of the solutions
We are left with the following cases:
(1) n + = n ? 1, d = 2, l = 2 and q = 3, 2 n 3, or q = 5, 2 n 3 or q = 7, 2 n 4, (2) n + = n ? 1, d = 4, l = 2, q = 3 and 2 n 7, (3) n + = n ? 2, d = 4, l = 2, q = 3 and n = 3 or n = 4.
Case (1) For (l n+ ; n) = (2; 2), we have g K = 1 and thus K is elliptic, and g K + = 0. Then h K = N 1 (K). Thus we get all the solutions from these 2 ones, which gives two F 5 -ismorphic function elds, among twenty non F q (x)-isomorphic solutions. { If q = 7 then from the Weil Bound N 1 (K) q+1?2g p q > 3
we obtain a contradiction to h K = 2. The elds referred by ( ) have no rational place (the places ( 1 x ), (x) and (x + 1) are all inert). We may thus assume that K is isomorphic to one of MacRae's solutions ( ), so that q = 2 and g K 2, or, q = 3 or 4 and g K = 1:
According to (1.a), we only need the in nite place 1 = ( 1 x ) to be rami ed in K, because isomorphism does not change the divisor class number. The Riemann-Hurwitz-Zeuthen Formula combined with the Hilbert's Di erent Formula gives
where the sum ranges over the places P of k and G i (P) is the i-th rami cation group of P (see for instance Theorem III.8.8 in 11]).
Furthermore, jG 0 (P 1 )j = K : k] = l n since 1 is totally rami ed. Now, G 1 (P 1 ) being a normal subgroup of G 0 (P 1 ) of order a power of the characteristic and jG 0 (P 1 )=G 1 (P 1 )j being prime to the characteristic, we get that either jG 1 (P 1 )j = 1 or jG 0 (P 1 )j = l n = (char k) n .
If jG 1 (P 1 )j = 1, we have jG i (P 1 )j = 1 for i 1 and from (A.f), there are at least two rami ed places K=k. Thus K is If jG 0 (P 1 )j = l n = (char k) n , the extension K=k is wild and from Lemma 3.2, 1 is the unique rami ed place of K=k. Furthermore, since jG 0 (P 1 )=G 1 (P 1 )j is prime to char k, we have jG 1 (P 1 )j = l n and since for all i 1, G i (P 1 )=G i+1 (P 1 ) is an additive subgroup of the residue class eld of P 1 which is F l , we have jG i+1 (P 1 )j jG i (P 1 )j=l. From (A.f) we get From the possible cases, l = char k = 2 or 3, we thus obtain g K = 2; l = 2, and n = 1; 2 or 3, or g K = 1; l = 2 or 3, and n = 1 or 2:
{ If q = l = 3 and n = 1, then K = k(y)=k is a genus one Artin-Schreier extension, that is y 3 ? y = z(x) for some z(x) 2 k, with z 6 = u 3 ? u for any u 2 k = F q (x). Since 1 is the only rami ed place of K=k, we can furthermore assume that z(x) 2 F 3 x] and from g K = 1 we may assume that deg z(x) = 2. Finally, from h K = 1 = N 1 (K), any nite rational place of k must be inert in K that is for p = (x ? a) we must have z(a) 6 = 0 so that z is irreducible. We get K = F 3 (x; y) with de ning equation If n = 2, then K = F 3 (y; z) with y satisfying y 2 + y + z 3 + z + 1 = 0, (resp. y 2 + y + z 5 + z 3 + 1 = 0), in case g K = 1, (resp. g K = 2). If g K = 2, n = 3 then K is a quadratic extension of a genus 1 biquadratic extension of K 1 =F q (x). From g K1 = h K1 = 1 we get N 1 (K) = 1 and thus the in nite place is the only rational place of K 1 and N 1 (K) = 1 also. Now from h K = 1 and N 1 (K) = 1 we get N 2 (K) = 2 so that K contains a unique place of degree 2. This place is necessarily over a rational nite place of K 1 since K=K 1 is rami ed only at in nity and we obtain a contradiction.
